During manipulation and locomotion tasks encountered in robotics, it is often necessary to control the relative motion between two contacting rigid bodies. In this paper we obtain the equations relating the motion of the contact points on the pair of contacting bodies to the rigid body motions of the two bodies. The equations are developed up to the second order. The velocity and acceleration constraints for contact, for rolling, and for pure rolling are derived. These equations depend on the local surface properties of each contacting body. Several examples are presented to illustrate the nature of the equations.
Introduction
In robot manipulation tasks, when the robot arm interacts with an object or the environment, it is bene cial to be able to control the contact motion. For example, when exploring the environment by feeling or touching, it is necessary to be able to move the robot arm while in contact with the environment and estimate the geometric properties of the environment 12, 15] . When grasping an object it may be desirable 2] to roll or to slide the object over one or more ngers in a speci ed manner. A similar situation also arises in an actively coordinated vehicle traversing uneven terrain where it is e cient to maintain rolling contact with the ground at all contacts 10] . In all these examples, it is necessary to control the motion of an actively coordinated system relative to the contacting object or environment in order to achieve a desired motion of the contact point on the surface of the object and on the surface of the robot e ector.
While extensive work has been done on contact between planar rigid bodies (see for example, 1, 18, 6, 19, 23] ), the work on the kinematics of three-dimensional contact is much more recent and much less is known in this area. Pars 17] describes the con guration space associated with the relative motion between two rigid bodies in point contact. He shows that it is ve-dimensional. For the special case of a sphere rolling over a plane he shows that the con guration space is completely accesible. In other words, from any point in the con guration space it is possible to reach any other speci ed point.
Cai and Roth 3, 4] study the relative motion of two contacting bodies in point contact. In 4] they derive expressions for the motion of the contact point on each contacting surface in terms of the relative motion and the local geometric properties of each surface. However, their focus is limited to the motion of the contact points and hence their study is restricted to a subspace of the con guration space. In 5] they extend their work to line contacts. Montana 15] , like Pars 17] , considers the ve-dimensional space but his parameterization is somewhat di erent than Pars' (see Section 2) . He derives the equations relating the velocity of the contact points on the rigid bodies to the relative velocities of the rigid bodies. It is also worth mentioning the work of Kirson and Yang 9] who developed equations for moving and xed axodes with a relative rolling and sliding motion. This paper derives the velocity and acceleration equations relating the rigid body motions of the contacting bodies and the motions of the contact points on the surfaces of the rigid bodies. The papers by Montana 15] and Cai and Roth 4] are most closely related to this work. We use Montana's de nition of the con guration space but our approach is quite di erent. Although Montana does derive the velocity equations, as seen later in the paper, they do not lend themselves to straightforward di erentiation. Our approach and results di er from those of Cai and Roth because we do consider the entire ve-dimensional con guration space. 
Preliminaries

Notation
In Figure 1 , we consider two rigid objects (obj 1 and obj 2) contacting at a point. The contact point is the coincidence of two points, p 1 xed to obj 1, and p 2 xed to obj 2 at time t. c 1 and c 2 are a pair of points, which do not belong to either body but move along the surface of obj 1 and obj 2 respectively so that they are instantaneously at the point of contact. We choose reference frames on obj 1 and obj 2 at point o 1 and o 2 respectively. These reference frames are attached to the objects. We attach coordinate systems at points c 1 and c 2 which move with the contact points. Finally, we de ne object-xed coordinate frames at points p 1 and p 2 in such a way that they coincide with c 1 and c 2 frames respectively at time t. Note that the same symbol is used to denote either a point or a reference frame attached to this point. So far our notation is identical to that in 15]. r is used for position vectors, V is used for linear velocities and !, for angular velocities. a and denotes linear and angular accelerations respectively. is used to represent the skew symmetric matrix form of !. R denotes rotation matrices.
A leading superscript is used to denote the reference frame in which the quantity is observed. A vector q with two trailing subscripts, a and b denotes the di erence between q at point a and q at point b. For example, r c1o1 is the position vector from o 1 to c 1 . o1 V c1o1 represents the di erence between the velocity of point c 1 and that of point o 1 as observed in reference frame o 1 . On the other hand, when there is only one trailing subscript then it denotes the reference frame attached to that point. Thus, o1 ! c1 or o1 c1 denotes the angular velocity of reference frame c 1 when it is observed in the reference frame o 1 . Note that, unless otherwise speci ed, we refer to the vectors themselves and not to their components in a particular coordinate system. When we do refer to components, we denote these with subscripts x, y and z and explicitly specify the coordinate system. When components are considered, a R b is a rotation matrix which transforms components of a vector in frame b to components in frame a.
In the case of position vectors, a leading superscript is not used because a position vector does not depend upon the frame in which it is observed. However, any derivative, and therefore any velocity or acceleration, does depend on the reference frame in which the di erentiation operation is performed. We follow a notation that is similar to that used in Kane 
Local Properties of Surfaces in < 3
Here we brie y discuss a few de nitions and concepts that will be used later in the paper to derive the contact kinematic equations. Detailed discussion can be found in any standard di erential geometry text (see, for example, 14, 22, 11] In what follows we will need to compute derivatives of f in order to characterize the local properties of S. We will assume that f( 1 ; 2 ) is at least of class C 3 .
De nition 2 Natural Basis and Unit Normal: x i = @f @ i (i = 1; 2) are linearly independent at a given point and are called the natural basis of the surface. x 1 and x 2 minimally span the tangent plane at that particular point. A unit normal n is a unit vector which is perpendicular to the tangent plane at a given point and is de ned by x1 x2 kx1 x2k . (1) De nition 6 Gauss's Equations: The derivatives of the basis vectors are given by:
The L ij are related to the coe cients of the second fundamental form only through the metric tensor. The natural basis for this coordinate system and the corresponding unit normal are: Note that although the Gaussian curvature and the mean curvature of a sphere are constant, the coe cients, g ij , ? k ij and L ij are not.
Geometric properties of a planar surface
Consider the plane ( Figure 3 ) with the coordinate system:
The following results are obtained from the de nitions in the previous subsection. 
Contact coordinates
We now de ne 5 contact coordinates that characterize the motion of the point of contact. First for obj i, we let 1 = u i and 2 = v i as shown in Figure 4 (left). The point of contact is uniquely de ned by the four coordinates u 1 , v 1 , u 2 and v 2 . The fth parameter is , the angle of contact which is the angle between the u 1 and u 2 curves 15]. In Figure 4 (right), it is the angle between (x 1 ) 1 (tangent to the v 1 = constant curve) and (x 1 ) 2 (tangent to the v 2 = constant curve). The sign of is de ned in such a way that a rotation of (x 1 ) 1 about the outward pointing unit normal (n) 1 to the surface at point p 1 through ? aligns the axes (x 1 ) 1 and (x 1 ) 2 . We use a trailing subscript i to denote obj i. For example, the contact frame for obj i is denoted by
In Figure 1 , using the triangle law of vector addition 18], we can write:
r cioi = r cipi + r pioi (2) Note that, in this notation, we implicitly assume that Equation (2) can be written in component form in any convenient coordinate system. (At this point we are only concerned with vector equations and not their components in a particular coordinate system.) Di erentiating each term of Equation (2) with respect to time t in the reference frame o i , we get,
Di erentiating Equation (3) (11) Di erentiating each term of Equation (11) in the reference frame p 2 two times, we get, p2 V c1p2 = p1 V c1p1 + p2 ! p1 r c1p1 + p2 V p1p2 (12) p2 a c1p2 = p1 a c1p1 + p2 _ ! p1 r c1p1 + p2 ! p1 ( p2 ! p1 r c1p1 ) + 2 p2 ! p1 p1 V c1p1 + p2 a p1p2 (13) Note that r cipi = 0 in the above equations. Similarly for angular velocities, we obtain the velocity and acceleration equations:
Now consider the closed loop: p 2 ! c 1 ! c 2 ! p 2 . The translation closure equations are: r c1p2 = r c1c2 + r c2p2 (16) p2 V c1p2 = c2 V c1c2 + p2 ! c2 r c1c2 + p2 V c2p2 (17) p2 a c1p2 = c2 a c1c2 + p2 _ ! c2 r c1c2 + p2 ! c2 ( p2 ! c2 r c1c2 ) + 2 p2 ! c2 c1 V c1c2 + p2 a c2p2 (18) By de nition, the vectors r c1c2 , c2 V c1c2 and c2 a c1c2 vanish in the above equations. The loop equations for the angular velocities are: p2 ! c1 = c2 ! c1 + p2 ! c2 (19) p2 _ ! c1 = c2 _ ! c1 + p2 ! c2 c2 ! c1 + p2 _ ! c2 (20) We now manipulate the loop equations to obtain what we call the contact closure equations. Equating the right hand sides of Equations (12) and (17) we get after setting r c1p1 , r c1c2 and V c1c2 to zero, p2 V c2p2 = p1 V c1p1 + p2 V p1p2 (21) From Equation (3), because oi V pioi = 0 and oi ! pi = 0, Equation (21) can be written as: o2 V c2o2 = o1 V c1o1 + p2 V p1p2 (22) Equating the right hand sides of Equations (14) and (19) and then substituting from Equation (9), we get:
Next, we equate the right hand sides of Equations (13) and (18) and simplify using Equation (7) (8) to get o2 a c2o2 = o1 a c1o1 + 2 p2 ! p1 o1 V c1o1 + p2 a p1p2 (24) Finally, equating the right hand sides of Equations (15) and (20) and simp ifying using Equations (9-10), we write,
In summary, the velocity contact closure equations are (22) and (23) and the acceleration contact closure equations are (24) and (25).
Contact Equations: Velocity Analysis
Let the components of the relative linear and angular velocities of the contacting rigid bodies in the frame p 2 (also in the frame c 2 ) be given in vector form by:
In this section we nd expressions for the remaining terms in Equations (22) and (23) We now proceed to obtain expressions for the velocity terms. Di erentiating Equation (26) in the o i frame, we get the velocity of the contact point c i in that frame. The resulting equation is,
Expressing the velocities of the contact points in contact frame c 2 (using Equation (28)): 
which can be simpli ed to o1 c1 = 2 6 6 6 6 6 6 6 6 4 
These equations are the velocity contact equations which were rst presented by Montana 15] . However our notation and derivation are slightly di erent. First, we use standard di erential geometric notation (g ij , ? k ij , and L ij ) to describe the surface properties. Second, we resolve all vectors in the frame c 2 and not in c 1 like Montana.
Contact Equations: Acceleration Analysis
Let the components of the relative linear and angular accelerations of the contacting rigid bodies in the frame c 2 be: In this section we nd expressions for the remaining terms in Equations (24) and (25) We next nd an expression for oi _ ci , the skew symmetric matrix for the angular acceleration of the frame c i relative to the frame o i which is attached to obj i, in the contact frame c i .
We substitute from (69) for oi ci and from (27) for oi R ci , and after considerable simpli cation (see Appendix) we obtain: o i _ c i = 2 6 6 6 6 6 6 4 
Equation (40) is an acceleration constraint equation which can be rearranged in the following manner:
6 Examples
Two spheres in contact
Here we derive the rst and second order contact kinematic equations for two spheres in contact (obj 1 and obj 2). The choice of coordinates and notation is according to Section 2.3. Using Equations (34 { 36) we obtain the following rst order contact kinematic equations: 
and the acceleration constraint from Equation (40) 
The development in Cai and Roth 4] deals with the special case in which the coordinate curves on the two surfaces are aligned so that the angle is zero. For this special case, we get the same results by substituting The acceleration equations are: Two bodies are said to be in a condition of rolling contact if the velocity of the point of contact on one body is equal to the velocity of the point of contact on the other body. In other words, the sliding velocity 3, 4] or the relative velocity between the points of contact is zero. This de nition is well known and can be found in standard kinematics texts (see, for example, 18]). Because this de nition imposes a condition on velocities (and not on higher order derivatives), it de nes rolling contact up to the rst order 4]. We will refer to this as the rst order condition for rolling.
However, if the relative velocity between the points of contact, in addition to being zero, stays constant through a small time interval, the two bodies are in a condition of rolling contact up to the second order. In other words, the derivative of the sliding velocity is zero. We will refer to this as the second order condition for rolling.
In Figure 5 , p i and p i are points attached to obj i. p i is the point of contact at time t while p i is the contact point at time t. t and t are considered to be time instants that are separated by a small interval t.
For the rst order condition for rolling we have, p2 V p1p2 (t) = 0 (54)
In the contact frame c 2 this is: In addition to the rolling conditions de ned previously, if we impose another condition known as the no-spin condition, we achieve what is called pure rolling ( 7] , pp. 242). The pivoting component of the angular velocity is zero for pure rolling ( 16] , pp. 18). In other words, in the frame c 2 ,
For pure rolling up to the second order, the derivative of the pivoting velocity or the z component of the derivative of the relative angular velocity must vanish 20].
Example: Two Spheres in Contact
In the previous section we considered the example of a sphere contacting another sphere. The conditions for rolling up to the rst order are: We have derived and presented in this paper the velocity equations (Equations (34 -37)) and the acceleration equations (Equations (43 -44)) for contact between two three-dimensional bodies. This is the rst time that the equations have been presented in this general form. The work by Cai and Roth 3, 4] comes closest to the work presented here. They derived similar equations that are valid for a Cartesian coordinate system whose origin is coincident with the contact frame. However because of this assumption, their coordinate covering of the contacting surfaces changes as the contact point moves and as the relative orientation between the two rigid bodies changes. In our approach the surface coordinates are independent of where contact occurs and the relative orientation between the two bodies. Also, our coordinate systems are, in general, curvilinear, and include the special case of a Cartesian coordinate system. Finally, the equations derived by Cai and Roth predict the motion of the contact point over each surface. However they do not consider the evolution of the fth contact coordinate . The special case of pure rolling is particularly interesting in robotic applications. Rolling contact is generally preferred because it is more e cient and also because rolling motion is easier to control. In order to maintain a condition of rolling the relative motion between the two contacting bodies must be such that the relative acceleration at the contact point is given by Equation (60). In general, this acceleration includes tangential (a x and a y ) components as well as a normal component (a z ). This is unlike the planar case in which the tangential acceleration must be zero for rolling. In three dimensions, only in the special case of pure rolling do the tangential components have to be zero. The application of the rolling constraint equations to the derivation of the equations of motion and the controller for a two-arm manipulation system is presented in 21, 20] .
The acceleration level equations depend on rst, second and third order properties of the contacting surfaces. In other words, we encounter upto the third derivative of the coordinate map, f, for each object in these equations. Similarly, the velocity equations depend on rst and second order properties. It is worth noting that while an object such as a sphere can be described by a second order equation in the Cartesian space, it does not mean that all third order partial derivatives are zero. In fact, as shown earlier in the example of a sphere, the coe cients, g ij , ? k ij and L ij are not constant and the partial deriatives, @ 2 xi @ k @ j , are, in general, non zero.
Finally a comment about the two examples considered in the paper. At rst sight they may appear trivial and may not serve to provide adequate justi cation for the theoretical development in this paper. But Equations (34-36) and Equations (43-45) are completely general, and they work for any contacting surfaces. The only information needed are the local di erential geometric surface properties (the coe cients of the rst and second fundamental forms and their derivatives). The main motivation for presenting these \simpler examples" is because for these examples, the equations are well known for planar motions, and for spatial motions under the condition of pure rolling. Therefore, for these examples, there is some opportunity for comparing the general contact kinematics equations derived here with these special equations. And in fact, it can be seen from Section 2.3.1 that, even in these \simple" cases, the derivatives of g ij , ? k ij and L ij do not vanish and that a spherical surface does not really simplify the second order equations.
Current work addresses the application of these equations to better understand the stability of multicontact grasps and the optimization of xtures for restraining three-dimensional machine components. We introduce Christo el symbols, ij; k] and ? i jk and the coe cients of the second fundamental form, L ij , and simplify the derivative of the metric tensor through Equation (1) . After some algebraic manipulation we get o1 c1 = ? 
